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Abstract
Some structural properties of planar graphs without 4-cycles are investigated. By the structural properties, it is proved that every
planar graph G without 4-cycles is edge-(∆(G)+ 1)-choosable, which perfects the result given by Zhang and Wu: If G is a planar
graph without 4-cycles, then G is edge-t-choosable, where t = 7 if∆(G) = 5, and otherwise t = ∆(G)+ 1.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let G = (V, E) be a graph with vertex-set V (G) = V and edge-set E(G) = E . An edge-k-coloring of G is a
function c: E(G) → {1, 2, . . . , k} such that c(e1) 6= c(e2) for every pair of adjacent edges e1, e2 ∈ E(G). The graph
is edge-k-colorable if it has an edge-k-coloring. The chromatic index χ ′(G) of G is the smallest integer k such that
G is edge-k-colorable. An edge-list assignment L: E(G) → P(N ) is a function that assigns a set (or a list) L(e) of
possible colors to each e ∈ E(G). A function c: E(G) → N is an edge-L-coloring if c(e) ∈ L(e) for every e ∈ E(G),
and c(e1) 6= c(e2) for every pair of adjacent edges e1, e2 ∈ E(G). If G has an edge-L-coloring for some edge-list
assignment L then we say G is edge-L-colorable. We call graph G edge-k-choosable if it has an edge-L-coloring for
every edge-list assignment L such that |L(e)| ≥ k for each e ∈ E(G).
The edge choosability or edge choice number or list chromatic index χ ′l (G) of G is the smallest integer k such
that G is edge-k-choosable. Clearly χ ′l (G) ≥ χ ′(G). For the edge choosability, the following conjecture was made
independently by Vizing, by Cupta, by Albertson and Collins, and by Bolloba´s and Harris (see [4,7]).
Conjecture 1.1. If G is a multigraph, then χ ′l (G) = χ ′(G).
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Although Conjecture 1.1 has been proved for a few special cases, such as bipartite multigraphs [3], complete graphs
of odd order [5], multicircuits [15], line perfect multigraphs [11], series–parallel graphs (but not for series–parallel
multigraphs) [9], and planar graphs with ∆(G) ≥ 12 [2], it is regarded as very difficult. Vizing [10] proposed the
following weaker conjecture.
Conjecture 1.2. Every graph G is edge-(∆(G)+ 1)-choosable.
For Conjecture 1.2, as Harris [6] showed that χ ′l (G) ≤ 2∆(G)− 2 if G is a graph with ∆(G) ≥ 3, it holds for the
case∆(G) = 3. Juvan et al. [8] settled the case∆(G) = 4. For some special cases such as complete graphs [5], graphs
with girth at least 8∆(G)(ln(∆(G))+ 1.1) [10], planar graphs with∆(G) ≥ 9 [1], planar graphs with∆(G) 6= 5 and
without 6-cycles [13], and planar graphs without 5-cycles [14] Conjecture 1.2 has also been confirmed. In [16], Zhang
and Wu proved that Conjecture 1.2 holds for triangle-free planar graphs, and for planar graphs with ∆(G) 6= 5 and
without 4-cycles. In this paper, to perfect the result, we show that Conjecture 1.2 holds for all planar graphs without
4-cycles and give a proof in which we need not discuss whether ∆(G) = 5 or ∆(G) ≥ 6.
2. Structural properties of planar graphs without 4-cycles
Only simple planar graphs are considered in the following. Let G be a simple plane graph. The set of vertices,
edges, and faces of G are denoted by V (G), E(G), and F(G), respectively. The maximum degree and minimum
degree are denoted by∆(G) and δ(G), respectively. For x ∈ V (G)⋃ F(G), we use dG(x) (or simply d(x)) to denote
the degree of x in G. A vertex (or a face) of degree t is called a t-vertex (or a t-face). Two faces of a planar graph are
said to be adjacent if they have at least one common boundary edge. A vertex v and a face f are said to be incident
if v lies on the boundary of f , and vice versa. For v ∈ V (G), f ∈ F(G), and m ≥ 3, let Fm(v) denote the set of
all m-faces in G that are incident to the vertex v, and Vm( f ) the set of all m-vertices that are incident to the face f .
For f ∈ F(G), we write f = [v1v2 · · · vm] if v1, v2, . . . , vm are the boundary vertices of f in the clockwise order. A
3-face [v1v2v3] is called a {r, s, t}-face if {d(v1), d(v2), d(v3)} = {r, s, t}.
Lemma 2.1. If a connected plane graph G with δ(G) ≥ 3 has no 4-cycles, then one of the following statements holds.
(1) There exists an edge xy with d(x)+ d(y) ≤ 7.
(2) There exists a 4-vertex v which is incident to two non-adjacent 3-faces f1 = [vv1v2] and f2 = [vv3v4], such that
d(vi ) ≥ 4 for i = 1, 2, 3, 4, and in {v1, v2, v3, v4} there is at most one vertex with degree larger than 4.
Proof. Suppose that the lemma is false for G. Applying Euler’s formula
|V (G)| − |E(G)| + |F(G)| = 2
and handshaking lemmas for vertices and faces, we have∑
v∈V (G)
(2d(v)− 6)+
∑
f ∈F(G)
(d( f )− 6) = −12. (*)
Let
w(x) =
{
2d(x)− 6, x ∈ V (G);
d(x)− 6, x ∈ F(G),
be the weight of x ; then we can rewrite (*) as∑
x∈V (G)⋃ F(G)w(x) = −12.
Thus the total sum of weights is negative number−12. We are going to introduce a certain discharging rules so that the
total sum of weights is kept fixed after the discharging is done. But the resulting weight function w′(x) is nonnegative
for all x ∈ V (G)⋃ F(G). Thus,
0 ≤
∑
x∈V (G)⋃ F(G)w
′(x) =
∑
x∈V (G)⋃ F(G)w(x) = −12.
This is an obvious contradiction.
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The discharging rules are defined as the following.
R(1): If d(v) = 4, we transfer 1 from v to each incident {4, 4, 4}-face in F3(v), 34 to each incident {4, 4, t}-face in
F3(v), where t > 4, and 14 to every 5-face in F5(v).
R(2): If d(v) > 4, we transfer 32 from v to every 3-face in F3(v) and
1
3 to every 5-face in F5(v).
It remains to show that the weight function w′(x) is nonnegative for all x on V (G)
⋃
F(G). By the discharging
rules, it is easy to see that w′(v) = w(v) = 0 for each vertex v with d(v) = 3 and w′( f ) = w( f ) ≥ 0 for any face f
with d( f ) ≥ 6. Note that G has no 4-cycles, so we only need to consider the following cases.
Case 1. d( f ) = 3.
In this case, w( f ) = d( f )− 6 = −3. Let f = [v1v2v3]. The failure of statement (1) implies that |V3( f )| ≤ 1.
Subcase 1.1. If |V3( f )| = 1, the failure of statement (1) implies that f is a {3, s, t}-face, where min{s, t} > 4. Thus,
w′( f ) ≥ −3+ 2 · 3
2
= 0
by R(2).
Subcase 1.2. If d(vi ) = 4 for i = 1, 2, 3, then
w′( f ) = −3+ 3 · 1 = 0
by R(1).
Subcase 1.3. If there are exactly two 4-vertices in {v1, v2, v3}, then the third one has degree larger than 4. Thus,
w′( f ) = −3+ 2 · 3
4
+ 3
2
= 0
by R(1) and R(2).
Subcase 1.4. If there is exactly one 4-vertex in {v1, v2, v3}, then the others have degree larger than 4. Thus,
w′( f ) = −3+ 2 · 3
2
= 0
by R(1) and R(2).
Subcase 1.5. If d(vi ) > 4 for i = 1, 2, 3, then
w′( f ) = −3+ 3 · 3
2
> 0
by R(2).
Case 2. d( f ) = 5.
In this case, w( f ) = d( f )− 6 = −1. Let f = [v1v2v3v4v5]; the failure of statement (1) implies that |V3( f )| ≤ 2,
and in {v1, v2, v3, v4, v5} each vertex which is adjacent to a 3-vertex has degree larger than 4.
Subcase 2.1. If there are exactly two 3-vertices in {v1, v2, v3, v4, v5}, then the others have degree larger than 4. Thus,
w′( f ) = −1+ 3 · 1
3
= 0
by R(2).
Subcase 2.2. If there is exactly one 3-vertex in {v1, v2, v3, v4, v5}, say d(v1) = 3, then d(v2) > 4, d(v5) > 4,
d(v3) ≥ 4, d(v4) ≥ 4. Thus,
w′( f ) ≥ −1+ 2 · 1
3
+ 2 · 1
4
> 0
by R(1) and R(2).
Subcase 2.3. If d(vi ) ≥ 4 for i = 1, 2, 3, 4, 5, then
w′( f ) ≥ −1+ 5 · 1
4
> 0
by R(1) and R(2).
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Case 3. d(v) = 4.
In this case, w(v) = 2d(v) − 6 = 2. As G has no 4-cycles, we have |F3(v)| ≤ 2 and |F5(v)| ≤ d(v) − |F3(v)|.
Moreover, the failure of statement (1) implies that there is no 3-vertex in each 3-face which is incident to v.
Subcase 3.1. If v is incident to at most one 3-face, that is |F3(v)| ≤ 1, then
w′(v) ≥ 2− 1− 3 · 1
4
> 0
by R(1).
Subcase 3.2. If v is incident to two 3-faces, that is |F3(v)| = 2, then they are not adjacent. Let the two 3-faces
be f1 = [vv1v2] and f2 = [vv3v4]. The failure of statement (2) implies that d(vi ) ≥ 4 for i = 1, 2, 3, 4, and in
{v1, v2, v3, v4} there are at least two vertices with degree larger than 4.
Subcase 3.2.1. If d(v1) > 4 and d(v2) > 4, or d(v3) > 4 and d(v4) > 4, say d(v1) > 4 and d(v2) > 4, then
w′(v) ≥ 2− 1 · 1− 1 · 0− 2 · 1
4
> 0
by R(1).
Subcase 3.2.2. If one of v1 and v2 has degree larger than 4, and one of v3 and v4 has degree larger than 4, say
d(v1) > 4, d(v2) ≥ 4, d(v3) > 4, d(v4) ≥ 4, then in { f1, f2} there are at most two {4, 4, t}-faces, where t > 4. Thus,
w′(v) ≥ 2− 2 · 3
4
− 2 · 1
4
= 0
by R(1).
Case 4. d(v) = 5.
In this case, w(v) = 4. As G has no 4-cycles, v is incident to at most two 3-faces. Thus,
w′(v) ≥ 4− 2 · 3
2
− 3 · 1
3
= 0
by R(2).
Case 5. d(v) ≥ 6.
In this case, w(v) = 2d(v) − 6. As G has no 4-cycles, v is incident to at most b 12d(v)c 3-faces. That is
|F3(v)| ≤ b 12d(v)c. Thus, we have
w′(v) ≥ (2d(v)− 6)− 3
2
|F3(v)| − 13 |F5(v)| ≥ d(v)−
3
2
|F3(v)| − 13 (d(v)− |F3(v)|)
= 2
3
d(v)− 7
6
|F3(v)| ≥ 23d(v)−
7
6
·
⌊
1
2
d(v)
⌋
≥ 1
12
d(v) > 0
by R(2). 
Corollary 2.2. If G is a planar graph without 4-cycles, then δ(G) ≤ 4.
Proof. If δ(G) > 4, then δ(G) ≥ 3. By Lemma 2.1, we have δ(G) ≤ 4, this is a contradiction. 
3. Main theorem
Lemma 3.1. Let G = (V, E) be a graph with V = V (G) = {v, v1, v2, v3, v4} and E = E(G) =
{vv1, vv2, vv3, vv4, v1v2, v3v4}. Suppose that L is an edge-list assignment for G such that |L(v1v2)| = 1,
|L(v3v4)| = 2, |L(vv1)| = 3, and |L(vvi )| = 4 for i = 2, 3, 4. Then G admits an edge-L-coloring (see Fig. 1).
Proof. If there exists a color α ∈ L(vv3) \ L(vv2), we take the only one color from L(v1v2) to color v1v2 firstly.
Secondly, we color vv3 with α, and then color v3v4, vv1, vv4, vv2 in that order.
If there exists a color β ∈ L(vv4) \ L(vv2), we can give an edge-L-coloring for G similarly.
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Fig. 1. Graph G in Lemma 3.1 with the numbers of colors in L(e), e ∈ E(G).
Fig. 2. Graph G[S] in Theorem 3.2 with the numbers of colors in L ′(e), e ∈ S.
Now we suppose L(vv3)
⋃
L(vv4) ⊆ L(vv2). Since |L(vvi )| = 4 for i = 2, 3, 4, it follows that L(vv2) =
L(vv3) = L(vv4). If L(v1v2)⋂ L(vv3) 6= ∅, say γ ∈ L(v1v2)⋂ L(vv3), we first color both v1v2 and vv3 with γ ,
and then color v3v4, vv1, vv4, vv2 in that order.
Now assume L(v1v2)
⋂
L(vv3) = ∅, then L(v1v2)⋂ L(vv2) = ∅; it is easy to see that we can color v1v2, vv1,
vv4, v3v4, vv3, vv2 in an ordered fashion. 
Theorem 3.2. If G is a planar graph without 4-cycles, then G is edge-(∆(G)+ 1)-choosable.
Proof. By the results of [10] and [11], the theorem holds if ∆(G) ≤ 4. We only need to prove the theorem for
connected planar graph G, and for ∆(G) ≥ 5.
The proof is carried out by induction on |V (G)| + |E(G)|. Let L be an edge-list assignment of G such that
|L(e)| = ∆(G)+ 1 for each e ∈ E(G). If |V (G)| + |E(G)| ≤ 6, the theorem holds trivially.
Assume that |V (G)| + |E(G)| > 6 and the theorem holds for any connected planar graph H with |V (H)| +
|E(H)| < |V (G)| + |E(G)|.
If δ(G) ≤ 2, let v be a vertex with minimum degree in G. By the induction hypothesis, H = G − v has an
edge-L-coloring c. It is clear that c can be extended to an edge-L-coloring of G.
Suppose that δ(G) ≥ 3, By Lemma 2.1, we consider two cases.
Case 1. There is an edge xy with d(x)+ d(y) ≤ 7.
The induction hypothesis implies that H = G − xy has an edge-L-coloring c. Since there exist at most five edges
adjacent to xy and |L(xy)| = ∆(G)+ 1 ≥ 6, xy can be colored properly.
Case 2. There exists a 4-vertex v which is incident to two non-adjacent 3-faces f1 = [vv1v2] and f2 = [vv3v4], such
that d(vi ) ≥ 4 for i = 1, 2, 3, 4, and in {v1, v2, v3, v4} there is at most one vertex with degree larger than 4.
Let S = {vv1, vv2, vv3, vv4, v1v2, v3v4}. Consider the subgraph H = G − S of G. By the induction hypothesis,
H has an edge-L-coloring c. For the induced subgraph G[S] (see Fig. 2) of G and each e ∈ S, let B(e) be the set of
colors used by c on the edges of H that are adjacent to e in G. Define L ′(e) = L(e) \ B(e) for e ∈ S. Without loss of
generality, let 4 ≤ d(v1) ≤ ∆(G) and d(v2) = d(v3) = d(v4) = 4; then
|L ′(v1v2)| ≥ (∆(G)+ 1)− (∆(G)− 2)− (4− 2) = 1,
|L ′(v3v4)| ≥ (∆(G)+ 1)− (4− 2)− (4− 2) = ∆(G)− 3 ≥ 2,
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|L ′(vv1)| ≥ (∆(G)+ 1)− (∆(G)− 2) = 3,
|L ′(vvi )| ≥ (∆(G)+ 1)− (4− 2) = ∆(G)− 1 ≥ 4 (i = 2, 3, 4).
By Lemma 3.1, the induced subgraph G[S] of G admits an L ′-edge-coloring. Hence G is edge-(∆(G)+1)-choosable.

Remark. After this paper was finished, we found that Wang [12] had proved: if G is a planar graph with ∆(G) = 5
and without 4-cycles or 6-cycles, then G is edge-6-choosable. Here, for the planar graphs without 4-cycles, in our
proof of Theorem 3.2 we need not discuss whether ∆(G) = 5 or ∆(G) ≥ 6.
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